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Abstract 

A cylindrical Levy process does not enjoy a cylindrical version of the semi¬ 
martingale decomposition which results in the need to develop a completely novel 
approach to stochastic integration. In this work, we introduce a stochastic integral 
for random integrands with respect to cylindrical Levy processes in Hilbert spaces. 

The space of admissible integrands consists of adapted stochastic processes with 
values in the space of Hilbert-Schmidt operators. Neither the integrands nor the 
integrator is required to satisfy any moment or boundedness condition. The integral 
process is characterised as an adapted, Hilbert space valued semi-mart ingale with 
cadlag trajectories. 
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1 Introduction 

Cylindrical Brownian motion is the most prominent model of the driving noise for stochas¬ 
tic partial differential equations. The attribute cylindrical refers here to the fact that 
cylindrical Brownian motions are not classical stochastic processes attaining values in 
the underlying space but are generalised objects whose probabilistic distributions are 
described by a cylindrical, i.e. a finitely additive, measure. The reasons for the choice 
of cylindrical but not classical Brownian motion can be found in the facts that there 
does not exist a classical Brownian motion with independent components, i.e. a standard 
Brownian motion, in an infinite dimensional Hilbert space, and that cylindrical processes 
enable a very flexible modelling of random noise in time and space. 

The concept of cylindrical Browian motion is naturally extended to cylindrical Levy 
processes in one of the authors’ work [1] with Applebaum. Some specific examples and 
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their constructions of cylindrical Levy processes are presented in the work [24] by Riedle. 
Linear and semi-linear stochastic partial differential equations perturbed by an additive 
noise which is modelled by various but specific examples of cylindrical Levy processes 
can be found for example in the works Brzezniak and Zabczyk [3], Peszat and Zabczyk 
[20], and Priola and Zabczyk [21]. However, modelling an arbitrary perturbation of a 
general stochastic partial differential equations beyond the purely additive case requires 
a theory of stochastic integration of random integrands with respect to cylindrical Levy 
processes. 

Stochastic integration with respect to cylindrical Brownian processes is developed for 
example in Daletskij [4], followed by the articles Gaveau [6], Lepingle and Ouvrard [14] 
and many others. Surprisingly, stochastic integration with respect to other cylindrical 
processes than cylindrical Brownian motion is much less considered. In fact, only with 
respect to cylindrical martingales a stochastic integration theory is developed which 
originates either from an approach by Metivier and Pellaumail in [15] and [16] or from 
Mikulevicius and Rozovskii in [17] and [18]. The construction by Metivier and Pellaumail 
is based on Doleans measures whereas the construction by Mikulevicius and Rozovskii 
uses a family of reproducing kernel Hilbert spaces. Thus, both constructions heavily rely 
on the assumed existence of finite weak second moments. In Metivier and Pellaumail 
[15], the construction is extended to cylindrical local martingales. For the special case 
of a cylindrical Levy process with finite weak second moments one can follow a classical 
Ito aproach to define the stochastic integral for random integrands; see Riedle [23]. 

To our best knowledge, each approach to stochastic integration with respect to classi¬ 
cal Levy processes or classical semi-martingales is based on the semi-martingale decom¬ 
position of the integrator into a local martingale and a process of bounded variation. 
However, this approach fails for cylindrical Levy process although they are in the class of 
cylindrical semi-martingales. This is due to the conceptual mismatch that a cylindrical 
semi-martingale cannot be decomposed into the sum of a cylindrical local martingale and 
another cylindrical process, see Remark 2.2. Consequently, our work requires a novel ap¬ 
proach to stochastic integration without decomposing the integrator. Even in the finite 
dimensional case we are not aware of such a kind of approach. In our setting it is even 
more intricate due to the infinite dimensionality and the generalised process not attaining 
values in the underlying space. 

To explain our approach in more detail let {Y{t) : t € [0,r]) be a classical Levy 
process in a Hilbert space U with inner product {•,•). A simple integrand (4'(t) : t £ 
[0,r]) is of the form where 0 ^ a ^ b ^ T and $ is a random variable 

with values in the space of Hilbert-Schmidt operators from U to another Hilbert space 
V. Each sensible definition of stochastic integration leads to 

( £ 4/(s) dY{s))(v) = mYib) - Yia))){v) = (y(5) - y(a))(<i>*u) (l.I) 

for every v £ V, where denotes the adjoint operator. A cylindrical process, like the 
cylindrical Levy process, is a family {L{t): t G [0, T]) of linear and bounded operators 
L{t) from U to the space of equivalence classes of real valued random variables. If we 
substitute Y by the cylindrical Levy process L in (l.I) then the inner product on the 
right hand side in (1.1) corresponds to the application of the linear operator L{b) — L{a) 
to the other argument of the inner product such that we arrive at: 

[j\{s)dL{s))iv) = {L{h)-L{a)){^*v). (1.2) 
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However, a technical and a conceptual problem arise in (1.2): 

(1) the linear operator L{b) — L{a), mapping to the space of equivalence classes of 
random variables, is applied to a random argument which results in an ambiguity; 

(2) in order to obtain a F-valued stochastic integral such as $(F(6) — Y{a)) in (1.1), 
there must exist a H-valued random variable J satisfying 

(L(&) — L{a)) (^*v) = ( J)(r') for all v G V. 

We call the approach for solving the Problems (1) and (2) the radonification of the 
increments and present it in Section 4. 

However, a much more complicated problem is to extend the class of admissible 
integrands to a larger space rather than only simple integrands. Denote by 'HoiU,V) 
the space of linear combinations of simple integrands of the form as dt above. Then, by 
means of the radonification of the increments one can define an integral operator 

I:noiU,V)^L%{n-,V), (1.3) 

where Tp(D; V) denotes the space of equivalence classes of P-valued random variables. In 
the classical setting, the integrator Y is decomposed into a martingale M and a bounded 
variation process A, resulting in integral operators I a and Im with I = Ia + Im ■ It is 
straightforward to extend the domain of the integral operator I a ■ The integral operator 
Im turns out to map to the Hilbert space V) of equivalence classes of P-valued 

random variables with finite second moments. Martingale properties and the nice Hilbert 
space topology of Tp(D;P) allow to conclude the continuity of Im and thus to extend 
its domain. However, as mentioned above, the cylindrical Levy process L does not enjoy 
an analogue decomposition, and thus we must work with the integrator operator (1.3) in 
a single entity to solve: 

(3) if a sequence ('I'„)„g]N of simple processes in 'Ho{U,V) converges to a stochastic 
process 4' in a larger space in some sense then I (d^n) converges to a random variable 
in Lp(D; V). 

Dealing with problem (3) means in particular that, instead of exploiting the Ito isomor¬ 
phism to the Hilbert space Tp(D; V), one must establish convergence in the much less 
amenable topology in Lp(D;y), i.e. convergence in probability. We solve Problem (3) 
in Section 5. Here, the main step is establishing tightness of the set {/(4>„) : n G N} 
of Hilbert space valued random variables. We prove tightness of this set by exploiting 
the result that tightness of the sum of the decoupled tangent sequence implies tightness 
of the original sum. This result originates from one of the authors’ work [8], and we will 
introduce and prove a modified version of this result in Section 3. Although this result 
was originally introduced with a completely different aim it seems to be tailor-made for 
the considerations of our current work. 


2 Preliminaries 

Let U and V be separable Hilbert spaces with inner products (•, •) and corresponding 
norms H-H. The dual spaces are identified by the original Hilbert spaces. The unit ball 
is denoted by By '.= {v gV ■. ||n|| ^ 1}. Throughout the paper, {efc}fcg]N and {fk}ke¥i 
denote some orthonormal basis of U and V, respectively. 
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The space of linear and bounded operators is denoted by L{U, V) and it is equipped 
with the operator norm ||•||(J_ 5 .y. The subspace of Hilbert-Schmidt operators is denoted 
by C 2 (U,V) and is equipped with the norm 

OO 

ii'^iiL •= ■ 

k=l 

A simple argument using the standard characterisation of compact sets in Hilbert spaces 
show that a set AT C £ 2 {U, V) is compact if and only if it is bounded, closed and obeys 

OO 

lim sup V ||v3efc||^=0. (2.4) 

The space of b^)-valued caglad (continue a gauche, limite a droite) functions is 

denoted by 

D-(J0,T]] C 2 {U,V)) := ^tp: [0,T] —>■ C 2 {U,V) : left-continuous with right-limits 

This space becomes complete under the Skorokhod metric 

dj{‘P,ip) ■■= ini ( sup \\<p{t)-'tpoj{t)\\^ V sup \t-j{t)\), (2.5) 

jeAVte[o,T] te[o.T] ^ 

where the inhmum is over the set A of all all strictly increasing, continuous biiections 
j:[0,T]^[0,T]. 

The Borel cr-algebra in U is dented by B{U) and the space of Borel measures on B{U) 
is denoted by M{U). The space of Borel probability measures is denoted by Mi{U) and 
it is equipped with the Prokhorov metric 

dp{pL,v) •= inf {e > 0 : pi{B) < v{Be) s and I'iB) ^ pi{Be) e for closed B G B{U)}, 

where Bg := {u € U : inf{||t6 — b\\ : b € B} < e}. Convergence in the Prokhorov metric 
is equivalent to weak convergence of probability measures. 

Let (H, A, P) be a probability space. The space of equivalence classes of measurable 
functions A: H —>■ [/ is denoted by L^{il;U). If ^ is a sub-u-algebra of A we write 
L^p{i},Q;U) for the space of equivalence classes of ^/-measurable functions. By defining 
the function 

p: L^p{n;U)^[0A], p(A) = A[l A ||A||" ], (2.6) 

the space L^p{it; U) becomes an A-space under the metric d(A, Y) := p{X — Y). 

Let A be a subset of U. For every elements Ui,... ,Un € S, n G ¥l and B G S(]R") 
dehne 

C{ui,...,Un\B) := [uGU : ((u, ui),..., (u, Un)) G B] . 

These sets are called cylindrical sets with respect to S and they form an algebra Z(U, S). 
The generated cr-algebra is denoted by Z{U,S) and it is called the cylindrical a-algebra 
with respect to S. li S = U we write Z{U) := Z(U, S) and Z(U) := Z{U, S). 

A function ij: Z{U) —?■ [0, oo] is called a cylindrical measure on Z{U) if for each finite 
subset S C U the restriction of p to the a-algebra Z{U,S) is a measure. A cylindrical 
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measure rj is called finite if r]{U) < oo and a cylindrical probability measure if ri(U) = 1. 
The characteristic function of a finite cylindrical measure ry is defined by 

xviu)= [ 7y(d/i). 

Ju 

Note that this integral is well defined as the integrand is measurable with respect to 
Z(U,{u}) for each u € U. The cylindrical measure ij is called continuous if Xv i® 
continuous. 

A cylindrical random variable in U is a. linear and continuous mapping 

Z-.U ^ 

If C = C{ui ,..., Un] B) is a cylindrical set for ui,..., G [/ and B G ;B(R") we obtain 
a cylindrical probability measure rj by the definition 

r,{C) :=P{{Zui,...,Zun)€B). 

The mapping ij is called the cylindrical distribution of Z. The characteristic function of 
a cylindrical random variable Z is defined by 

(pz-U^<C, (pz{u) = E[exp{iZu)], 

and the characteristic function of Z and its cylindrical distribution rj coincide. For a 
function (p G C{U,V) one can define a cylindrical random variable in V by 

Z^:V^L°p{n-,Ii), Z^v = Z{p*v). 

In general, Z^p is only a cylindrical random variable but if is a Hilbert-Schmidt operator 
then there exists a F-valued random variable (p{Z): ft ^ V satisfying 

Z{ip*v) = {p{Z),v) forallvGF; (2-7) 


see [25, Th.VI.5.2]. 

A family {Z{t) : t ^ 0) of cylindrical random variables Z{t) in U is called a cylindrical 
process in U. In our work [1], we extended the concept of cylindrical Brownian motion 
to cylindrical Levy processes: 

Definition 2.1. A cylindrical process {L{t) : t 0) in U is called a cylindrical Levy 
process if for each n G N and any ui,... ,Un € U we have that 

((L(t)ui,.. .,L{t)un) : t^O) 


is a Levy process in R". 

The characteristic function of L{t) is studied in detail in our work [22]. It turns out 
that the characteristic function of L{t) for each t ^ 0 is of the form 

‘PL(t)-U^€, (pm){u) =exp{tS{u)), 

where S': [/ —> (D is called the cylindrical symbol of L and is of the form 

S{u) = ia{u) — ^{Qu,u) + j — I — f(u,/i) 1 bj^(('u,/ i))^ (2.8) 
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Here, a: U IR is a continuous mapping with a(0) = 0, Q\U —?■ R is a positive and 
symmetric operator and v is a, cylindrical measure on Z{U) satisfying 

J {{u, A 1^ v{dh) < oo for all u €U. 

Since L{t): U -5- Lp(fl;R) is continuous, it follows that the characteristic function 
■ U ^ <D is continuous, and thus the symbol S: U ^ (C is continuous. According 
to Lemma 3.2 in [24] the cylindrical symbol S maps bounded sets to bounded sets. 

Remark 2.2. It follows from the Levy-Ito decomposition in R that for each u € U and 
t ^ 0 a cylindrical Levy process L with Levy symbol (2.8) can be decomposed into 

L{t)u = a{u)t + W {t)u + ( j3Nu{t,dl3) + f j5Nu{t,dl3), 

where LL is a cylindrical Wiener process in U with covariance operator Q and 

Nuit,B):= ^b{{L{s)u-L{s-))u) for alH G [0,T], R e B(R\{0}), 

and Nu is the compensated Poisson random measure dehned by Nu{t, B) := Nu{t, B) — 
t{vo {■,u)~^){B); see [1, Th.3.9]. If L does not have finite weak second moments, that is 
i?[ |L(I)u| ] = oo, then the (local) martingale part in the semi-martingale decomposition 
of {L{t)u : t G [0,r]) is given by the sum W(t)u -I- R{t){u) where 

R{t){u) := [ l3Nu{t,dl3). 

Ami 

As the truncation function /3 1 b(/ 3) is not linear the mapping u i-G R{t){u) is not 

linear neither. Thus, {L{t)u : t G [0,r]) enjoys a semi-martingale decomposition for 
fixed u G U, but the martingale and bounded variation parts are not linear in u in 
general. 

We equip the probability space {V,,A,P) with the filtration generated by L and 
defined by 


Tt '■= (t{{L{s)u : u € U, s G [0,t]}) for all t ^ 0. 

For a filtration Q := {Qt}tei where I C [0, oo) is an arbitrary index set we define 
T(t/) := {r: H —>■ / : is stopping time for t/}. 


3 Tightness by decoupling 

In the later part of this work, the main argument on extending the definition of the 
stochastic integral from simple integrands to a much larger class of integrands is based on 
establishing tightness of the set of stochastic integrals for a sequence of simple integrands. 
This will be established by the following result which provides a handy criterion for the 
tightness of a set of sums of random variables in a Hilbert space. The theorem is a 
modification of a result by Jakubowski in [8], and which is also published in a more 
general setting in [11]. 
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Theorem 3.1. For each n G ¥l let {Xn,k '■ k € N} be a sequence of V-valued random 
variables adapted to a filtration Fn := {J-n,k '■ k € No}. Define for each fc, n € N o 
version of the regular conditional distribution 

Pn,k '■ P{y) X — >■ [0, 1], Pn,k{B, U)) = & B \ Fn,k-l ) (w). 

If there exists a sequence {ct„ : n G Nj of finite stopping times an G T(F„) such that 
{Pn,i * • • • * Pn,T '■ T G T{Fn), 1 ^ T ^ (T„, n G N} is tight, then 

{Xn,l + • • • + Xn,T '■ T G T{Fn), 1 ^ T ^ (T„, n G N} (3-9) 


is tight. 

Theorem 3.1 provides a method for establishing tightness of the random field (3.9). 
We call this method tightness by decoupling for the following reason: for the given se¬ 
quences {Xn,k : fc G Nj there exist sequences {Xf ^ : fc G N} of random variables X* ^ 
on a larger probability space {D* , A*, P*) and a cr-algebra G A* satisfying: 

(i) for every n G N the sequence {Xf ^ : fc G Nj is conditionally independent given Q; 

(ii) P*{Xl^ G B\g) = P{Xn,k G B\ Fn,k-i) for all B G B{V) and fc, n G N. 

The sequence {X* : /c G N) is called the decoupled tangent sequence; see Chapter 6 in 

[5] or [13]. By defining 


SniFn) 


0 if cr„ = 0, 

(Tn 

^ ^ Xn,k else, 

fe=i 


Sl{On) := 


0 if cr„ = 0, 

£ K,k else, 




one can conclude from Theorem 3.1 that if : n G Nj is tight then {5'„(cr„) : n G 

N} is also tight. 

Applying Theorem 3.1 in the one-dimensional case yields another result, the principle 
of conditioning, which we also use in this work. The original proof can be found in [2] 
and [7], and further extensions to Hilbert spaces in [10]. 

Theorem 3.2. For each n G N tet {Xn,k '■ k G Nj be a sequence of real valued random 
variables adapted to a filtration Fn := {Fn,k ■ k G Nq} and H —>■ N be a stopping 

time for {Fn,k ■ k G Nj. Define for each k, n £ N; 

An,k- A„,fc(/3,w) =£;[e'^^".M-^n.fc-i](w). 

If for each /3 G R there exists a deterministic constant c{j3) ^ 0 such that 

lim 1 I An,k{fd, •) = c(/3) in probability, 


then it follows that 


lim E 

n—¥oo 


gi/3(X„_i-|-h^n.o-n ) 


c(/3). 


For the proof of Theorem 3.2 we refer to the literature. For the following proof of 
Theorem 3.1 we introduce a few notations and objects. A random measure is a measurable 
mapping M : D ^ where measurability is with respect to the Borel cr-algebra 
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induced by the Prokhorov metric in A4(V). The mapping M is called a random prohahility 
measure, if it maps to the space A^i(P) of Borel probability measures on B(V). A random 
measure M is called integrable, if E[M{V)] < oo. In this case, E[M]{B) := E[M{B)] 
for all B € Biy) defines an element in MiV). By starting with simple functions and 
passing to the limit one shows for bounded, measurable functions (p: P —>■ R that 


E 


(p(u) M(du) 


IV 


= ( yu) E[M]{du). 

Jv 


(3.10) 


The characteristic function of a random probability measure M is defined by 


XM--Vxil^€, xm{v)= [ M{dh). 

Jv 

For an integrable random meaure M it follows from (3.10) that 

E[xm{v)] = Xe[m]{v) for all v €V. (3.11) 

A set {Mi : i G /} of random measures is called tight, if for each ei > 0 we have: 

there exist for alH G / a set Ai G A with PiAi) > 1 — £1 obeying: 

r 1 (3-12) 

{Mi{-,u:) : w G At, i G is relatively compact in Jvl(V). 


It follows from Prokhorov’s theorem that Condition (3.12) is equivalent to 


(i) sup sup Mi[V,uj) < 00 , (3.13) 

i^I w^Ai 

(ii) for each £2 > 0 there exists a compact set if C P (depending on £ 1 ) such that 

sup sup Mi{K‘^,uj) ^ £ 2 . (3.14) 

iGl w^Ai 

If {Mi : i G 1} is a, family of random probability measures then it is tight if and only if 
{E[Mi] : z G /} is tight in J\4(V). 

A non-negative, symmetric operator ip: V is called an S-operator if 

00 

tr [p] := '^{pfkjk) < 00 . 

fc=i 

The space of all S'-operators is denoted by CsiV)- The space CsiY) is a subspace of the 
Banach space of trace class operators, and it is equipped with the Borel cr-algebra of the 
latter. A set [pi : z G /} C Cs{V) is relatively compact if and only if 

(i) suptr [(pi] < 00 ; (3.15) 

i<Sl 

00 

(ii) lim sup V (v3i/fc,/fe) = 0. (3.16) 

Af-s-oo ipj ^' 
fe=JV 

A set {Ti •. z G /} of random variables : Q, Bs{y) is tight if and only if for each 
£ > 0 there exist for all z G / a set G A with P{Ai) > 1 — £ such that 


{Tj(a;) : iv G A^, z G /} is relatively compact in CsiV)- 


(3.17) 



Proof, of Theorem 3.1. For each r G T(F„) with r ^ 1 and n G N define the random 
probability measure 

P„(t) : B(V) xn^[0, 1], P„(t) := P„,i * • • • * 

and, by denoting 5 '„(t) := i + • • • + the random probability measure 

(5„(t): S(1/) X n-5-[0,1], Qnir) = Pnir) *S_s^{r), 

where Sy denotes the random Dirac measure in T G V). In a first and main step 

we show that for each e > 0 there exists a compact set {(/?«,r : t G T(P„), 1 < t < 
cr„, n G N} of deterministic 5'-operators (fin,T G CsiV), such that for every n G N and 
each r G T(P„) with 1 ^ r ^ (j„ we have: 

1 — ReP [xQ„(r)(^^)] ^ {Pn,TV,v) +4:6 for all v gV. (3.18) 

For this purpose, fix £ > 0 and define the symmetrisation P„^k ■= Pn,k * Pff k where 
P~k{B,(jj) ■= Pn,k{—B,(jj) for all B G B{V) and w G fl. Define for each r G T(P„) with 
T ^ 1 and n G N the random measure 

Pnir) : B{V) X ^ 11+> Pnir) = Pn,l + ‘ ' ' + Pn,T, 

and the random P-operator 

T„(t): V xGl^V, {Tn{T)v,v) = [ {v,hf Pn{T){dh). 

JBv 

As {Pn(crn) : n G N} is tight it follows that the set {P„,i*- • ■*Pn,a„ ■ n G N} is also tight. 
Part a) of Lemma 3.4 implies that {?"„(+) : t G T(P„), 1 < t < (t„, n G N} is a tight 
set of random S'-operators and that {Pn(T)(- H By) : r G T(P„), l^T^(T„,nGN}is 
a tight set of random measures. It follows from (3.13) and from (3.17), respectively, that 
there are constants ci, C 2 > 0 such that for each n G N we have P(P„(T)(Py ) > Cl) ^ £ 
and P(tr [rn(T)] > C 2 ) < £ for all r G T(P„) with 1 < r < ct„. Define for each n G N the 
stopping times 

:= inf {/c G N : P„(A:)(Py) > Ci} , p'f := inf {fc G N : tr [P„(A:)] > C 2 } . 

The stopping time pn := p'n ^ Pn satisfies for each n G N that P{pn < r) < 2£ for all 
T G T(P„) with 1 ^ T ^ (T„. Lemma 3.3 implies for each v GV that 

l-ReP[xQ„(^)(z;)] ^ E[{l-RexQ^(r)iv)) l{r<p„}] + P{pn < r) 

^ 1 — ReP[xQ„(p„^T-)(v)] + 2£ 

~Pn^T 

. fc=i 

The assumed tightness of {Pn(T) : t G T(P„), 1 < t ^ cr„, n G N} yields tightness of 
{Pn,i * • • • * Pn,p„A(T„ : n G N}. Moreover, since 

Pn{Pn A (Tn){By) ^ Pn{Pn ~ ^){By) + Pn,p„ [By) ^ Cl + 1 for all Tl G N, 


(1-Xp^J^^)) +2£. 
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part c) of Lemma 3.4 guarantees tightness of {E[Pn{pn A r)](- fl By) : t € T(F„), 1 ^ 
T < CT„, n G N}. Thus, there exists a constant d> 1 such that 

E[Pn{pn A t)({u G V : Hull > d})] < e. (3.19) 

Define for each r G T(F„) and n G N the random operator 


R„{t) : V X n ^ V, {Rn{T)v,v) = [ {v,h)^ Pn{T){dh). 

Jl<\\h\\^d 

Since 1 — cos jd ^ 2/3^ for all /3 G IR we obtain by (3.19) for all n G F that 


E 


'Pnf\T 


L k=l 


= E 



— cos{{v, h))) PniPn A T){dh) 


^ 2E 


{v,h)‘^ Pn{pn /\T){dh) 


\\<d 


+ 2E [P„(p„ A r)({/i G 1/ : ||/i|| > d})] 


< 2E[{Tn{pn A T)t>,w)] + 2E[{Rn{pn A r)n, ?;)] + 2e 
= 2(E[Tn{pn A r)]u)(u) + 2(E[Rn{pn A r)]n)(u) + 2s. 


In the last line we applied part (b) of Lemma 3.4, which can be done as the definition of 
the stopping times and p" guarantees for all n G N that 


tr[Rnip'„Aan)] < [ \\hf Pn{Pn “ l){dh) + [ \\hf Pr^yjdh) 

^ d‘^{ci + 1 ), 


and analogously 

tr[T„(p" Act„)] < tr[T„(p" - 1)] + [ \\h\\'^ Pn,p'^{dh) < C 2 + 1. 

Moreover, Lemma 3.4 guarantees that the sets {E[Tn{pn A r)] : t G T(F„), 1 ^ r < 
CT„, n G N} and {E[Rn{pn Ar)] : r G T(F„), 1 ^ r ^ cr„, n G N} are relatively compact 
in Cs{V), which completes the proof of (3.18). 

It follows from (3.18) by Theorem VI. 2. 3 in [19] that the set {E[Qn(T)\ : t G 
T{En), 1 ^ T ^ cr„, n G N} and thus also the set {(5n(T) : r G T(F„), 1 ^ r < 
CT„, n G N} are tight. Since each random probability measure Q„(t) is the convo¬ 
lution of Pnir) and the random Dirac measure ^nd since the set {T’n(T) : 

T G T{En), 1 < r ^ cr„, n G N} is assumed to be tight, it follows that the set 
: T G T{Fn), 1 ^ T ^ CT„, 11 G N} is tight, which completes the proof. □ 

The following two results are used in the proof of Theorem 3.1. 

Lemma 3.3. In the setting of Theorem 3.1 define for some n G N and for a stopping 
time T G T(F„) the random probability measure 

Qnir): S(V) X n [0,1], Quir) = Pn,l * ■ ■ ■ * Pn.r * S_s„(r), 


10 



where S'„(t) := + ■ • • + Xn,T- Then it follows that 


1 - Re£;[xQ„(r)(^^)] < E (l — Xp /.('^)) every v £ V. 

.fc=i 

Proof. Fix V G y, n S N, and define for each j G N the -measurable random variable 

Xn{j) := 1 - Xp„^^(w) - RexQ„0-i)(w) +R.exQ„o-)(^^), 

where we set Q„(0) = do- We claim that Yn{k) := X„(l) -I- • • • -I- Xn{k) defines a 
submartingale {Yn{k) : fc G N) with respect to Fn. For each fc G N we obtain 

E[Xn{k) I =1 - Xp^ - ReXQ„(fc-i)(w)+Re-E [xQ„(fc)('e) I• (3-20) 

Since the random measure Qn{j) is defined as a convolution its characteristic function 
obeys 

XQnU)iv) = X<5-s„0)(^)XP„a)(v) = for all j G N, 

where P„(fc) := Pn,i * • • • * Pn,k- Consequently, we arrive at 

E [xQ„(fc)(«) I En,k-i] = | 

= XQ„(fc-l)(w)XP„,;=(v)Xp-^(v) 

= XQ„(fc-l)(v)Xp„,;,(«)• 

Applying this equality to (3.20) we obtain 

E[Xn{k) I Fn.k-i] = (l-R-exQ„(fc-i)(w))(l-Xp^ 

Since the last line is non-negative it follows that {Yn{k) : /c G N) is a submartingale. 

We conclude from (3.11) that 

■E^[Xq„(i)(^^)] = -E^[XP„,i(v)]A[e“*<^"-i’“>] = Xx„,i(^)X-x„,i(p) = E[xp^^^{v)], 

which yields A[y„(l)] = 0. Doob’s optional stopping theorem shows for r G T(F„) that 
E[Yn{T A N)] > i?[F„(l)] = 0 for all A^ G N, which, by the very definition of Yn{k), 
results in 

~tan 1 r tan 

^ -H (l^exQ„0)(p) - RexQ„o-i)(p)) 

_k^l ’ J L k^l 

= E 1 - RexQ„(rAJV)(p) 

Applying the result on monotone convergence to the left hand and Lebesgue’s theorem 
of dominated convergence to the right hand completes the proof. □ 

Lemma 3.4. For each n G N Zef {Mn,k '■ k G N} be a sequence of symmetric random 
probability measures adapted to a filtration Fn := {Fn,k ■ k G Nq}. For r G T(F’„) 
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with r ^ 1 denote Mnir) := Mn,i + • • • + Mn^r and define for some c > 0 the random 
operators 


Tnir) : V X n ^ V, {Tn{T)v,v) = [ {v,h)^ M„{T){dh), 

J\\h\\Sic 


and the random measures 

N^{t): BiV)xn^]R+, iV„(r)(B) = M„(r)(Bn{||z;|| >c}). 

If there exists a sequence {(t„ : n G N} of finite stopping times ct„ G T{Fn) with (Tn ^ 1 
such that {Mn,i * • • • * Mn,a-„ ■ n G N} is tight, then we have: 

(a) the set {T„(t) : r G T{F„), l^T^(T„,nGN} of random S-operators and the 
set {Nni^r) : t G T(_F’„), 1 ^ t ^ (t„, n G N} of random measures are tight. 

(b) uniform integrahility o/{tr [Tn{an)] '■ n G N} implies that, for r G T(F„), 

£;[T„(t)]: V^V, (E[T„(t)]v,v} = FI(T„(t)v,v}] 

defines a relatively compact set {£'[T„(r)] : r G T(F„), 1 ^ r ^ cr„, n G N} of 
S-operators. 

(c) uniform integrahility of {Nn{an){V) : n G N} implies that {ii^[A^„(T)] : r G 
T{Fn), 1 ^ T ^ an, n G ¥1} is relatively compact. 

Proof, (a) Let Rn denote the infinitely divisible random measure with characteristic 
function 


= exp Mn{an)idh)^ . 

The inequality 

/ n \ n 

1 - exp [ - 1) ) ^ 1 - for all Pk G [0,1], n G N, 


\fc=i / 

yields for every v GV and n G N the estimate 


1-E[xrSv)] = E 


1 - exp {xMr,,M - 1) 


\k=l 


Cl-E 


Y[xMn,k(.v) 


.k=l 


Tightness of {M„ i Mn^a^ ■ ^ € N} implies by Theorem VI.2.3 in [19] together 

with (3.11) that the set {E\Rn] : n G N} is tight. It follows that for each e > 0 there 
exists for every n G N a set G ^ with P{An) > 1 — e such that the set 

{ ^A„(j-a)Rn{',iw) + (w)(lo(') : w G n, n G IN } 

of infinitely divisible probability measures is relatively compact. Theorem VI.5.1 in [19] 
implies that the set {T„((T„)(w) : w G An, n G N } is compact and the set { V„(ct„)(-, w) : 
w G An, n G N } is relatively compact. The monotonicity (T„(T)/fe,/fe) < {Tn{,an)fk,fk) 
for all /c G N and Nnir) < Nn{an) for each t G, an completes the proof by (3.13), (3.14) 
and (3.15), (3.16). 
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(b) By applying Tonelli’s theorem we obtain 


sup tr [E[Tnian)]] 


sup E 

neN 


Y^iTMfkJk) 

-k^l 


sup i?[tr [r„(cr„)] ] < oo. (3.21) 

neN 


Let e > 0 be given and choose 5 > 0 such that P{A) ^ 5 for any A € A implies 
E[tr [Tn{(7n)] 1a] ^ £ for all n G N. From part (a) it follows by (3.16) that there are 
An € A, n with P{An) >1 — 5 and TVq G N such that 


sup sup 

nGN 


X] {Tn{<Jn)ioo)fk,fk) 

k=No 




It follows that 


sup ^ {E[Tn{(Jn)]fk, fk) < SUpE 


n€N 


k^No 


nGN 

< 2 e, 


X! {^n{<7n)fk,fk) 
k=No 


+ E [tr [T„(cr„)] 1^^ 


which shows that 


OO 

lim sup ^ (i?[T„((T„)]/fc,/fc) = 0. (3.22) 


Both properties (3.21) and (3.22) establish that {E[Tn{(Tn)] ■ n G N} is relatively com¬ 
pact, which completes the proof by monotonicity {E[TniT)]fk, fk) ^ {E[Tn{an)]fk, fk) 
for all fc G N for r < (t„ by (3.15) and (3.16). 

(c) Can be proved as (b). □ 


4 Radonification of the increments 


In this section we solve the problem (1) and (2) mentioned in the Introduction. Recall 
the definition p{X) = E[1 A ||X|| ] for any R-valued random variable X in (2.6). The 
following inequality originates from the work [ 12 ], but since we only need a special case 
we give a short proof here. 

Lemma 4.1. There exists a universal constant c > 0 such that for any ip G C 2 {U,V) 
and any cylindrical random variable Z: U ^ Lp(n;]R) we have 

pipZ) < c /" p{Zu) (7 o (ip*)-^){du), 

Ju 

where 7 denotes the canonical Gaussian cylindrical measure on V. 

Proof. Let {il',A',P') be another probability space and let L: C —> Lp, (fl';]R) be a 
cylindrical random variable distributed according to the canonical cylindrical Gaussian 
distribution 7 on C. From the inequality 

(1 A |a|)(l A |/3|) < 1 A \aj3\ for all a, /3 G R, 


it follows for a real-valued, standard normally distributed random variable ^ that 


(lAlluf) E'[lA\^f 


^E' 


lAljuf 


= E' 


1 A iFt 


for all V £ V. 
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Consequently, by defining c := (^E' 


1 

we obtain 



(lA||vf) lAlr^r 

for all V 

G V. 

It follows that 





p{ipZ) 

= f; [1 A \\ipz\\^ 

^ cE \e' 

\l A\T{ipZ)\^' 




= cE [ 
.Jv 

(1 A {v,ipZ)‘^) 

1 -1 



II 

'lF\Z{q,*v)\^' 

■jidv) 



= c [ E 

Ju 

I A \Zu^ (7 < 

3 {ip*)-^){du 


which completes the proof. □ 

Let {L{t) : t > 0) be a cylindrical Levy process in U. We equip the probability space 
with the filtration generated by L and defined by 

Tt := a{{L{s)u : u G U, s € [0,t]}) for all t ^ 0. 

Fix the times 0 ^ s ^ t. An C 2 (U, t^)-valued, J^s-measurable random variable $ is called 
simple if it is of the form 

m 

$(u;) = ^ for all w G n, (4.23) 

for disjoint sets Ai,..., Am G J's and (pi,. ■ ■, Vm G C2{U, V). The space of all C2{U, V)- 
valued, J^s-measurable, simple random variables is denoted by S{fl,iFs; ^2). It follows 
from (2.7) that for each i = 1,..., m there exists an Wvalued random variable (pi(^L{t) — 
L{s)) satisfying 

{ipi {L(t) — L(s)),v) = (L(t) — L(s)) {ip* v) for all v GV. 

Define an J^g-measurable, D-valued random variable by 

m 

■= - Lis)). 

In this situation we define 

{L{t) - L{s)) ($*t>) := {J{<^>),v) for all v G V. 

The following result enables us to extend this definition of radonified increments from 
simple to arbitrary random variables $. 

Theorem 4 . 2 . Let 0 ^ s ^ t 6 e fixed. For each Ts-measurable, C2{U, V)-valued random 
variable $ there exist an V-valued random variable Y and a sequence { 4 >n}n 6 N of simple 
random variables in S{Lt,iFs; JC.2) with $ P-a.s. such that 

Y = lim J(4)„) in probability. 

n—^oo 

Moreover, the limit Y does not depend on the sequence { 4 >n}neiN- 
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Proof. Since $: V, ^ C 2 {U, V) is strongly J^s-measurable there exists a sequence {$n}ne]N 
of simple random variables in SiVl, Fs', C 2 ) with $ P-a.s. It remains to show that 

„g]N is a Cauchy sequence in Lp(n; V). By linearity it is sufficient to show that 
0 P-a.s. for n —7- 00 implies that J(<I)„) —>• 0 in probability for n —)■ 00 . For this 
purpose assume that 

rrin 

^'n(w) = E for all W € n, 

i=l 


for disjoint sets 1 ,...,€ Fg and ^n,i, ■ ■ ■ ,Pn,m„ G C 2 {U,V), to„ G N and 
> 0 P-a.s. for n — 7 > 00 . Define the cylindrical random variable Z := L{t) — L{s). 
Independence of Z and Fg implies that ipn,iZ is also independent of Fg. Using this 
independence, Lemma 4.1 and (3.11), we obtain for each n G N that 


p(J(<I>„))=U 


= E 


1 A 


E! l^n.t (1 WPn.iZW 


.i=l 


= / E^'4„,i(w)p(v3n,»^)U(du;) 
i=i 

^ ^_/^E (70 P{du}) 

p{Zu) Mn{du,ui)^ P{dui) 


Jn \Ju 

= C [ p{Zu) E[Mn]{du), 

Ju 


where c denotes the constant derived in Lemma 4.1 and M„ is the random probability 
measure defined by 


TTLn 

M„: S([/) [ 0 , 1 ], 

i=l 


Recall the definition E[Mn\{B) := E[Mn{B)\ for all B G B{U). For each n G N and 
a; G D the measure Mn{-,uj) is Gaussian with expectation 0 and covariance operator 

rrin 

Q„{uj): U ^U, Qri(w) = E ^Ai,„iAPn,iPn,i- 

Consequently, we have for all w G C that 

E[pm„ (m)] = U[e*<'3"“’“>] = ^1 as n ^ 00 . (4.24) 


Egorov’s theorem implies that for each e > 0 there exists a set A € A with P{A) > 1 — £ 
such that 


sup sup tr [Qn{uj)] < 00 . 

neN oj^A 
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As Q„(a;) is the covariance operator of the Gaussian measnre Mn{-, oj) it follows that the 
set {Mn{-,uj) : oj € A, n G N} is tight. Thus, the set {M„ : n G N} of random measures 
is tight, which implies together with (4.24) that E[Mn] converges weakly to the Dirac 
measure in 0. Since the function u n- p{Zu) is bounded and continuous we obtain 


/ p{Zu) E[Mr^{du) ^ Q as n —>■ oo. 

Jh 


Linearity of J guarantees the claimed uniqueness, which completes the proof. 


□ 


Theorem 4.2 enables us to define for each 0 ^ s ^ t and .Fs-measurable random 
variable $: Q, ^ C 2 {U,V) the G-valued random variable 

4>(L(t) - L(s)) := lim J(4'„), 

n—¥oo 

where (<f’„)„g]N C S{^l,Es]C 2 ) converges to P-a.s. We define then the increments of 
the cylindrical Levy process L under the random mapping $ by 

(L(t) — L(s))(4>*v) := (<l>(L(t) — L{s)), v) for all v GV. 

We finish this section with calculating the conditional characteristic function of the 
radonified increments. 


Lemma 4.3. IfOG^s^t and <f>: D —5- C 2 (U,V) is an Eg-measurable random variable 
then it follows for each v GV that 


E 


exp (f($(L(t) — L(s)),r!)) Eg = exp [{t — s)S{^*v)) P-a.s. 


(4.25) 


where S' :[/—>■ (D denotes the cylindrical Levy symbol of L defined in (2.8). 

Proof. If 4) is simple then it is easy to establish the equality claimed in (4.25). For 
an arbitrary J^g-measurable random variable 4>: D —>■ C 2 {U, V), Theorem 4.2 guarantees 
that there exists a sequence (4>„)„g]N of simple random variables in S{Ll, Es]C2) satisfying 
<I>„ —>• 4) P-a.s. as n ^ oo and for aWv GV: 


lim iLft) — L(s))(4>*v) = (Lft) — L{s)){^*v) in probability. (4.26) 

On the other hand, as 4>„ —> 4> P-a.s. the continuity of the cylindrical Levy symbol 
S : 17 —>■ (D yields for a\\ v GV 

lim exp ({t — s)S (4)*w)) = exp {{t — s)S (4>*u)) P-a.s. (4.27) 

The equations (4.26) and (4.27) show that the relation (4.25) can be generalised to 
arbitrary 4> G Lp(r2,7^^; £ 2 )- □ 


5 The stochastic integral 

We begin the definition of the stochastic integral very classical with simple integrands. 
An £ 2 (G, G)-valued, stochastic process (4>(t) : t G [0,T]) is called simple if it is of the 
form 

N 

4/(t) = 4>ol{o}(0) + ^4>, l(,.,t.^,](t) foralHG [0,r], (5.28) 
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where 0 = ti < • • • < ^Ar+i = T is a finite sequence of deterministic times and each 
<i)j : ri —>• £- 2 {U, V) is an -measurable random variable for each j = 0,..., N. The set 
of all simple C 2 {U, t^)-valued stochastic processes is denoted by HoiU, V). 

Let ('l'(f) : t € [0,r]) be a simple process in 'HoiU, V) of the form (5.28) and (L(t) : 
< ^ 0) be a cylindrical Levy process in U. Theorem 4.2 guarantees that for each j = 
1,..., TV and t G [0, T], there exists the random variable 




satisfying 


(L{t A tj+i) — L{t A tj))i^*v) = (j($j)(f), v) for all v € V. 

Thus, we can define a random variable in Lp(f2; V) for each t € [0, T] by 

Ii^){t) /(^)(f) := J($i)(t) + • • • + J($Ar)(t). 

Obviously, the random variable /(4')(f) obeys 

N N 

(/(4')(t),u) ='^{j{^j){t),v) = {L{tAtj+i) - L{tAtj)){^*v) 

i=i j=i 

for all u G F and t G [0, T], 

In the following we extend the domain of I to the linear space 

'H{U, lA) := |vl/: [0, T] X O —s- £ 2 ( 1 ^, V) : adapted and with caglad paths}. 

The trajectories of an element T in 'H{U,V) are in the space D-{\f),T\, C 2 {U,V)) of 
C 2 {U, lA)-valued functions which are continuous from the left and have limits from the 
right (caglad). Recall from Section 2 that this space is equipped with the Skorokhod 
metric dj defined in (2.5). As jC 2 {U,V) is separable every G 'H{U,V) can also be 
considered as a random variable dt: O —> D_ ([0, T]; £ 2 ( 1 ^, V)). 

The definition of the stochastic integral for arbitrary integrands in the space 'H{U, V) 
is given by the following result. The assumed approximation by simple processes is 
presented in the subsequent Lemma 5.2. 

Theorem 5.1. For every sequenee (4'„)„g]N C 'Ho{U,V) which eonverges to some 4' G 
'H{U,V) in probability in the Skorokhod metric, i.e. 

lim P (dj (tkn, ^i*)) ^ e) = 0 for all e > 0, 

n—¥oo ' ' ' ' 

there exists a V-valued, adapted semi-martingale (/('I')(f) : t G [0,T]) with eddldg tra¬ 
jectories obeying for each t G [0,r] and e > 0.' 

lim P(||/(T„)(f)-J(vI/)(f)|| = 0 . 

n—¥cci 

The limit I{'^) does not depend on the sequence ('I'„)„g]N, i.e. it is unique up to evanes¬ 
cence. 

In this work, we define simple integrands as stochastic processes which equal a random 
variable on deterministic but not random intervals {tj,tj.^.l]. This guarantees that the 
radonification of the increments J(4)j)(f) is well defined by the approach in Section 4. 
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If the interval {tj,tj+i\ were random the integrand d’j would not be independent of 
— L{tj) and this method could not be applied any more. 

Simple integrands defined on random intervals are dense in 'H{U, V) with respect to 
the uniform convergence on [0,r] in probability, i.e. the so-called ucp convergence. In 
our case of deterministic partitions, we have to weaken the topology to the Skorokhod 
topology. 

Lemma 5.2. For every 'k S T-LiU, V) there exists a sequence (d>„)„g]N of simple stochastic 
processes ’^n € 'Ho{U,V), each defined on a partition (tn,k)k=i,...,n of the interval [0,r] 
with max \tn,j+i — tn,j\ —^ 0 for n oo and with : t € [0,T]} in the closure of 

{'k(t) : t € [0,T]} such that 

lim 'k(u;)) = 0 for all lo G D,. (5.29) 

n—^oo ' ' 

Proof. This follows from the construction of the approximating sequence as the discreti¬ 
sation in the analogue result for deterministic, cadlag functions, see for example [19, 
Le.VII.6.5]. □ 


Proposition 5.3. Let fj, be a continuous cylindrical probability measure on Z{U) and K 
be a compact set in C 2 {U,V). Then the set {/i o (p~^ : ip G K} is relatively compact in 
the space A4i(V) of probability measures on B{V). 

Proof. According to [25, Pro.IV.4.2, p.236] there exist a probability space (fl. A, P) and a 
cylindrical random variable Z: U ^ R) such that p is the cylindrical distribution 

of Z. Then the random variable <p{Z) is distributed according to the probability measure 
lio(p~^ for each <p G K. By [25, Co.I in 1.3.9, p.52] the set {iio(p~^ : (p G K} is relatively 
compact if and only if 


(i) lim sup P{ \\q}{Z)\\ > r) = 0, 


(ii) lim sup P ( {p{Z), fk)^ ^ r\ =0 for each r > 0. 


(5.30) 

(5.31) 


Recall that {fk)ke'N denotes the orthonormal basis in V. For fixed m 
with N < m and for p G K define the m — iV-dimensional random 
{{p{Z),fN+i),...,{p{Z),fjn)). The characteristic function xv: R" 


^-N 


given for f = {Pn+i, ■ • ■, Pm) G R’ 




by 


and fV in N 
vector Y := 
^ C of V is 


Xy{P) = E 


exp U 2^ 

\ k^N + 1 


Pk{<piZ),fk) 


= xz 


TiPkfk) 


\k=N+l 


Let £ > 0 be given. The continuity of the characteristic function :[/—)■ (D implies 
that there exists a d > 0 such that 

|1 - Xz(m)| < e 1b5(m)-I- 2 1b|('u) < £-I- 2.1^^^ for all u G P, (5.32) 

where Bg := {u G U : ||m|| < i5}. By applying [25, Pro.IV.5.2, p.205] we obtain for every 
r > 0 the inequality 

p( {TiZ)Jk)^ > rA =Py{PG R™-"^ : \P\ ^ r) 

\k^N-\-l J 

< 3 ^ (l - Xy (^) ) dj^.NiP), (5.33) 
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where jm-N denotes the standard normal distribution on ^). Inequality (5.32) 

implies 




(l - Xy (7)) d^/m-NW) 


< 


/R" 


/R" 


1-Xz(7 X! ‘P*{l3kfk)\\ djjn-Nil3N+l,---,Pm) 

y \ k=N+l / ) 

|2N 


e + 


b'^r^ 


XI ^*{Pkfk) 


k^N+l 


d'ym — N {Pn-\- 1 ')•••■) ^m) 


2 rn m « 

+ ^ E E {‘P*ifk),V*{fe)) / ^ /3fc/3f d7m-Ar(/3Ar+l, . . . ,/3m) 


= £ 


= £ - 


^2j,2 


k=N+l e=N+l 




(5.34) 


k=N+l 

By applying the estimate (5.34) to inequality (5.33) we obtain for every r > 0: 


suppf X {‘fiZ), fkf > r] = sup lim P [ X {‘P{Z),fkf>r 

\ ' ^ I - m. —^ no \ • ^ 




\k=N+l 


6 


\k^N-\-l 

oo 


^3e+^sup X 

k=N+l 


(5.35) 


Since the mapping 17 < 7 * is continuous on £ 2 ( 0 , V) the set { 17 * : (p € K} is compact 

in jC 2 {V,U). Thus, Condition (5.31) follows from (5.35) by the characterisation (2.4) of 
the compact set K. Similarly, the inequalities (5.33) and (5.34) imply for every r > 0 


P{MZ)\\^r) 


lim P 

m—¥oo 


m 

J2(^(z),fkf 





6 


sup llt^IlL ■ 

VGK 


Thus, Condition (5.30) follows from boundedness of K, which completes the proof. □ 

Lemma 5.4. If the set {/Xq, : a € J} of infinitely divisible probability measures fia on 
B{V) for an arbitrary index set J is relatively compact in A4i(I4) then 

*■■■* : ai & J, ti^0,ti-\ -h ^ T /or i = 1,..., n, n e N I 

is also relatively eompact in Ali(t^). 

Proof. According to [19, Th.VI.5.3, p.l87] the set {pa '■ a G J} of infinitely divisible 
probability measures pa with characteristics (aa,Qa,Va) is relatively compact if and 
only if the following three conditions are satisfied: 

(1) the set {uq, : a G J} C V is relatively compact; 

(2) the set {va : a G J} restricted to the complement of any neighborhood of the 
origin is relatively compact; 
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(3) the operators Ta : V ^ V defined by 


{TaV,v):={QaV,v)+ {v,h)'^ Va{dh) 


satisfy the conditions 


(i) sup^(To,fk, fk) < oo, 

oo 

(ii) lim sup V {Tafkjk) = 0. 

/V— ^ T • ^ 


For ai & J, ti ^ 0 and ti + • • • + ^ T, the infinitely divisible probability measure 

MaV * • ■ ■ * Mq " has the characteristics 


JL '(I rt 

(E UQoii , til 


i=l i=l 


It remains to show that these characteristics satisfy the corresponding Conditions (1) - 
(3) above. 

(1) Define the set 

D := /tittoii : ai € J, C ^ 0, <i + ■ • • +^ T for t = 1,..., n, n € nI . 


Since the set A := {oa : a S J} is relatively compact, it follows by a Theorem of 
S. Mazur that the convex hull co(^) of A is relatively compact. Since the mapping 

m : [0,r] X co(A) ^ V, m{t,v) = tv, 

is continuous and D C to([ 0, T] xco(A)), we can conclude that the set D is relatively 
compact. 

(2) Prohorov’s Theorem guarantees that the set {va : a S J} restricted to the com¬ 
plement of any neighborhood of the origin is tight and uniformly bounded in total 
variation norm. Clearly, the same applies to 

C ^ 0, ti -I- • • • -I- tn ^ F for t = 1,..., n, n € n| , 

and another application of Prohorov’s Theorem shows that this set restricted to 
the complement of any neighborhood of the origin is relatively compact. 

(3) For every n, iV € N one obtains 

OO n 

sup sup y^.jtiTaJk, fk) 

n oo 

^ sup '^ti sup '^{Tafk,fk) 

tiH 

t\ 


^ T sup yi] {Tafk, fk) ^0 as N ^ oo. 
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Analogously we conclude 


oo n oo 

sup sup '^'^{UTaJkJk) ^Tsnp'^{Tafk,fk) < oo. 

tl-\ - \-tn^T QI ,...,an€ J i—1 OL^J 


The proof is completed. □ 

For the proof of Theorem 5.1 we now introduce an alternative definition of a stochastic 
integral /(d>)(t) for simple integrands dt. Its definition guarantees that the integral 
processes (/(d>„)(f) : t G [0, T]) for an approximating sequence ('!'„) of simple integrands 
converge uniformly in probability (Proposition 5.6), which guarantees that its limit has 
cadlag trajectories. The original stochastic integral /('!>„)(t) converges only as a F-valued 
random variable, i.e. at each fixed time t G [0,T]; see Theorem 5.1. 

For the definition assume that 'I' G HoiU, V) is of the form 

N 

«'(t) = $0 l{o}( 0 ) + 1 (G,g+i]W all ^ ^ 

j=i 

where 0 = ti < • • • < <Ar+i = T is a finite sequence of deterministic times and each 
: n —> 0(U, V) is an -measurable random variable for each j = 0,... ,N. Then 
we define a V-valued stochastic process (/(d>)(t) : t G [0,T]) by 

0 , if<G[ 0 ,t 2 ), 

k 

- L{tj)), if t G [ 4 + 1 , 4 + 2 ) for fc G {1,..., A^- 1}, 
i=i 

N 

^<i>,(L(4+i)-L(4)), ift = T. 
i=i 

Obviously, I{'^) is an adapted stochastic process in V with cadlag trajectories. 

Proposition 5.5. For every n G N, let d>„ be a simple stochastie process in 'Ho{U,V) 
defined on a partition {tn,k}k=i...,N„+i and define Qn '■= {.^t„ ^ : fc = 1,... ,iV„ -|- 1}. If 
n € ¥1} is tight in Mi{D-(^[0,T]; C 2 {U,V))) then 

{/(4'„)(r) : T G T(^„), n G N } 

is tight in V, where T(t/„) = {r: O —>■ {4,i, • ■ • ,tn,N„+i} ■ is stopping time for t/„.} 
Proof. Each is of the form 

^n(f) = ‘I’n.O 1 { 0 }(^) + ^ ^ ^ri,j ,t„++ 1 ] (^); 

i=i 

for 0 = 4,1 < • • • < 4 .JV „+1 = T and G O) for each j = 0,..., A^„ 

and n G N. Define for each j = 2,..., Nn + 1 and n G N the ^.-measurable random 
variable 

■— —1 (T(4,j ) I^{tn.j — l)) ■ ^ P) 


/(vl/)(t) := 
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and choose a regular conditional distribution 


P„,,: S(F)xr!^[0,l], P„,,(P,a;)=P(X„,, 

Lemma 4.3 guarantees for every v G V that 

E[exp{i{Xn,j,v))\ = exp[{tn,j - tn,j-i)S{^l j_^v)) P-a.s., 

where S: U ^ <C denotes the cylindrical Levy symbol of L. It follows for P-a.a. w G O 
that 

Pn,j{;io) = (Ao (5.36) 

where A is the cylindrical distribution of P(l). For r G T{Qn) introduce the notation 
[r](w) := inf {/c G {1,..., + 1} : t(w) = 

Define for every stopping time t G T(C/„) with 2 ^ [t] ^ Nn + 1 the random probability 
measure 


P„(r): P(l/) X [0,1], Pn{T) = Pn,2 * ■ ■ ■ * Pn,[r]- 

Let e > 0 be given. Since {4>„ : n G N} is tight there exists a compact set C C 
D-(^[0,T]; C 2 {U,V)) such that P('I'„ G C) > 1 — £ for all n G N. Proposition 1.6 in 
[9] guarantees that there exists a compact set K C C 2 {U,V) such that {4'„ G C} C 
{'I'„(t) G K for all t G [0,P]} for all n G N. Consequently, the set 

:= {4'„(t) G K for all t G [0, T]} = G K for all j = 0,..., iV„}, (5.37) 

satisfies P{An) > 1 — £ for all n G N. Denoting A^ := A o for every ip € K, 
Proposition 5.3 guarantees that the set {A,^ : ip G K} of infinitely divisible probability 
measures A^ is relatively compact in A4i(V). Lemma 5.4 yields that the set 

^ := * ■ ■ ■ * ■■ Sj > 0, si + ■ ■ ■ + Sn ^T, ip, G K, j = 1,... ,n, n gn} 

is relatively compact in Mi(V). Since (5.36) implies 

{P„(t(w))(-,w) : T G T{Gn), 2 < [r] < iV„ + 1, w G A„, n G N } 

Q {Pn{k){-,uj) '■ k G {2,..., N„ + 1}, w G An, n G N } 

C X, 

it follows that the set 

{P„(r) : T G TiGn), 2 < [r] < + 1, n G N} 

of random probability measures is tight. Theorem 3.1 implies that 


{Xn,2 + • • • + Xn^r] '■ T G T{Gn), 2 ^ [t] ^ iV„ + 1, n G N} 


is tight which completes the proof. 


□ 
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Proposition 5.6. For every sequence (5'n)neN ^ T~Lq{U,V) which converges to some 
'I' G HiUjV) in probability in the Skorokhod metric, i.e. 

lim P (d,4')) ^ e) = 0 for all e > 0, 

there exists a V-valued, adapted stochastic process (/('I')(t) : t G [0,r]) with cddldg 
trajectories obeying for each e > 0 ; 


lim P sup > £ =0. 

n-i-oo 7^] II / 

The limit I{'^) does not depend on the sequence ('I'„)ne]N; *-e. it is unique up to evanes¬ 
cence. 

Proof It is suffficient to show for an arbitrary £ > 0 that 


lim P sup 

m,n^oo \tg[o,T] 




> £ = 0 . 


(5.38) 


Recall that the R-valued stochastic process (/('I'm)(t) : t G [0,T]) has cadlag paths due 
to its definition. Define for each m, n G N the stopping time 


:= inf > 0 : I{'Sm){t) - I{'i’n)it) > £| A T, 


where inf{0} = oo. By the very definition of Tm,n it follows that (5.38) is satisfied if and 
only if 


lim P( /(d'™)(r„,„)-/(4'„)(r^.„) > £) = 0. (5.39) 

In order to establish (5.39), it is according to Lemma 2.4 in [11] sufficient to show 

(i) |/(^'m)(Tm.n) - d(d'n)(Tr„,n) : G n| is tight in D; (5.40) 

(ii) for every v G V we have : 

lim (/(4'm)(Tm,„) -/(4'„)(Tm,„))(?;)= 0 in probability. (5.41) 


m,n—¥oo 


By merging the partitions where d'm and are defined on we obtain for every to, n G N 
the representation 


Nm.n 

^m(t) ~ ^n(t) = d>m,n,0 1{0}(0 + ^ ^ ,imn,j+l] (0 ^ 

J = 1 

where 0 = tm,n,i < ■ • ■ < tm,n,Nm,n+i = T is a. finite sequence of deterministic times 
and —>■ J^ 2 iU,V) is an -measurable random variable for each j = 

0 , . . . , Nrn.n ■ 

In order to establish (5.40) note that for each to, n G N the stochastic process 
(/(4>m — ^ri)(t) : t G [0,T]) varies only at points of the partition Trm,n ■= {tm,n,k ■ k = 
2,..., Nm,n, + 1}. Consequently, the stopping time Tm,n only attains values in TTm.n and 
thus it follows Tm,n G T{Qm,n) for Qm,n ■= : fc = 1,..., A^m,n + 1}- Consequently, 

one can apply Proposition 5.5 to conclude (5.40). 
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For establishing (5.41), define for every j = 2,... ,Nm^n + 1 the V-valued random 
variable 




1 j — 1 ) ^(j'7n,n,j — l )):n^V. 


Obviously, we have 


^ m') i^'^m ,n') '^(^n)(^m,n) — ^m,n,2 “t“ * ' * “t“ ^m,n,[rm,n]5 

where we use the notation 

[r'm,n](^) ■= iuf \k ^ {2, . . . , ^m,n “1” 1} • Tm,n{^) — tm,n,fc} ■ 

Lemma 4.3 implies for all /3 G R and v £ V: 


Fm,n,jW) ■ = E 

exp {^{trn,n^j —l) ^ —1^) ) P-<X.S. 

Consequently, we obtain P-a.s. that 


(5.42) 


= exp 5(/3(4/);,(s) - Kis))v) ds^ . (5.43) 

In order to show Fm,n{P) -5- 1 in probability for m,n —>■ cx) we have to show that 
each subsequence (i^mk.nfc(/3))fceiN has a further subsequence converging to 1 P-a.s. As 
c^. 7 ('I'mfe, 47 ) and (ij(4'„^, vp) converge to 0 in probability for fc —> cx) there exists subse¬ 
quences (dj(^'m^^, 5'))£g]N and (dj(4'(j^^, ^'))^g]N converging to 0 P-a.s. for £ ^ 00 . It 
follows that there exists a set Oq G A with P(Oo) = I such that for each w G Oq we have 
that 


F„ 


M := 'if 

i=2 


Frr 


j{(3) = exp 


E 

i=2 


{t 


m,nj £m,nj — l) ^ (/^^rj 


sup sup 
feiNte[o.T] 


(t)(w) - 'i'uk, W(w) 


< 00 , 

£2 


(5.44) 


and that there exists a Lebesgue null set Ni^ C [0,T] depending on to such that 


lim 

^—^00 


^m,,(s)(w) - (s)(w) 


£2 


0 for all s G [0,P] \ 


(5.45) 


Lemma 3.2 in [24] guarantees that the cylindrical Levy symbol S maps bounded sets to 
bounded sets. Consequently, we can conclude from Lebesgue’s Theorem of dominated 
convergence by applying (5.44) and (5.45), that 


lim 

^00 




S{13{^*{s){u;)-KAs){oj))v) ds 


^ lim 

£^00 


(S)(07))U) 


ds = 0. 
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Since we considered an arbitrary subsequence we can conclude that Fm,n{P) 1 in 
probability for m,n ^ oo for every /3 € R. The principle of conditioning, Theorem 3.2, 
yields 


lim E 

m,n—¥oo 


/ h™.„] 

exp I ip 

m,n,j j 

. \ ^=2 


= 1 


for every /3 € R. 


Because of the representation (5.42) this establishes (5.41). 

Let (4'„)„g]N and (4'(j)„g]N be two sequences converging to in probability in the 
Skorokhod metric dj and denote by /('!') and /'(dt) the limits of (/(4'„))„g]N and 
(/(4>(j))„g]N. As in the proof of (5.41) we can conclude that 

lim (/(dtn — )(t),v) =0 in probability for all v € 1 ^ and t G [ 0 ,T], 

n—¥oo 


which shows /(4')(t) = /'(4')(t) P-a.s. for each t G [0,r]. Since the stochastic processes 
/(d^) and /'(T) have cadlag paths it follows that they are indistinguishable. □ 


Combining Lemma 5.2 and Proposition 5.6 enables us to define for every 4' G HiU, V)'. 


1(4') := lim J(4'„), 


where (4'„)„g]N is an approximating sequence of simple processes in 'Ho(JJ,V) and the 
limit is in probability in the uniform norm as stated in Proposition 5.6. 

Proposition 5.7. If is in 7t([/, P) then the stochastic process {I{"^){t) : t G [0,r]) is 
a semi-martingale. 

Proof. Denote by £i(P, V) the space of all adapted, caglad, simple processes with values 
in C{V,V) which are bounded by 1, that is each 0 G £i(P, P) is of the form 

N 

0(t) = Po 1 { 0 }( 0 ) + !(«„.,+,](<) for all t G [0,T], (5.46) 

k=l 

where 0 = si < • • • < sn+i = T is a finite sequence of deterministic times and each 
Pfc: n —7- £(P, P) is an -measurable random variable with ||rfc(a;)||y_,,y ^ 1 for all 
a; G and for each k = 0,..., N . The elementary integral is then defined by 

pT N 

/ 0(s) /(4/)(ds) = ^rfc(l(4')(sfc+i) -/(4/)(sfc))- 

•''o k=l 


Theorem 2.1 in [12] shows that /(dt) is a semi-martingale if and only 


0(s)/(4')(ds) 


: 0 G f(P, P) > is stochastically bounded. 


(5.47) 


Lemma 5.2 guarantees that there exists a sequence (dtn)^^]^ of simple processes in 
'Ho{U,V) converging to 4^ in probability in the Skorokhod metric. As Proposition 5.6 
implies that /(4'„)(s) converges to /(4')(s) in probability for all s G [0,r], it follows that 
(5.47) is established by showing 


0(s) /(4'„)(ds) 


0 G f(P,P), n G N 


is stochastically bounded. (5.48) 
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Each is of the form 


Nn 

for alH € [0,T], (5.49) 

e=i 

for 0 = tn,i < ■ ■ ■ < tn,N„+i = T and ^n,e G £ 2 ) for each i = 1,..., Nn 

and n € N. For given 0 € £{V,V) of the form (5.46) and '^n G 'Ho{U,V) of the form 
(5.49) we can assume, by possibly enlarging the partition (tn,^)^=i,...,Ar„+i, that for every 
A: G {1,..., + 1} there exists G {1,..., iV„ + 1} such that Sk = tn,ik- It follows that 



e(s) i{'l>n){ds) 


N 

Y,Tk{l{^n){sk+l)-i{'i’n){sk)) 

k^l 

N / ^fc+i — 1 

Eo E e{L{tn,e+i)) — L{tn,e)) 

k—1 y 

N-n 

e) {L{tn,e+i)) — L(tn,e)), 

i=i 


where we use the definition 


:= Ffc for every £ e {4,... ,4+i - !}■ 


Note, that F^ is ^-measurable for all £ = 1,...,A^„. Define for each n G N and 
£ = 2,, Nn + 1 the ^-measurable random variable 

^n,i (r^-i ° ^n,e-i) {Li{tn,e) ~ L{tn,e-i)) : D —>■ y. 

Obviously, we have 


[ Q(s) I{'^n){ds) — X^2 ”1-1" ^Z^n + l- 

Jo 

Choose a regular conditional distribution 

P®,: P(y) xD^[0,l], P^^,{B,u;) = € B \ 

Lemma 4.3 guarantees for every v G V that 


E[exp{i{X^^i,v)) 


Tt. 


] = exp (^(tn,i - tn,i-l)S{{rj>_i O $„,£_i) 4)^ P-a.s. 


where S': [/ —> (D denotes the cylindrical Levy symbol of L. It follows for P-a.a. w G D 


P, 


sr(x w) = (^A o ((r^_i(a;) o <^n,e-iiuj)) 




(5.50) 


where A is the cylindrical distribution of L(l). Define for every k G {2,..., Nn + 1} the 
random probability measure 


P®(fc): BiV) X D ^ [0,1], P^ik) = * • • • * C? 


,k' 
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Let £ > 0 be given. Since : n G N} is tight we can conclude as in the proof of 
Proposition 5.5 by using Proposition 1.6 in [9] that there exists a compact set K C 
C 2 {U,V) such that the sets 

An : = {^n,e & K for all£ = 1,..., Nn}, 

satisfy P(An) ^ 1 — e: for all n G N. The ideal property of C2{U, V) guarantees that the 
set 


Kg := {d o ■)/) : ■;/) G iL, "d G C{V, V) with ||z?||y_5.y ^ l}. 

is a subset of C2{U,V). Moreover, as K is compact it follows that Ks is bounded 
and satisfies (2.4), and thus the closure Kg is a compact set in C2{U,V). Denoting 
Act := a o for every a G Kg, Proposition 5.3 guarantees that the set {Acr : <J G Kg} 
of infinitely divisible probability measures Xu is relatively compact. Lemma 5.4 yields 
that the set 

X := {a:^ * ■ • • * a:*" : s, ^ 0, si + • • • + s„ < T, CTj G 7?^, j = 1,... ,n, n G N } 
is relatively compact. Since (5.50) implies 

{P®(fc))(-, w) : fc G {2,..., iV„ + 1}, w G Al„, 0 G £{V, P), n G N } C X, 
it follows that the set 

{P^{k) : fc G {2,..., iV„ + 1}, 0 G £(y, P), n G N } 
of random probability measures is tight. Theorem 3.1 implies that 

+ ... + : A: G {2,..., iV„ + 1}, 0 G £:(P, P), n G N } 

is tight which establishes (5.48). 

□ 


Proof. (Theorem 5.1) 

Let (4'„)„g]N be the sequence of simple processes in 'Ho{U, V) converging to dt in prob¬ 
ability in the Skorokhod metric, which exists due to Lemma 5.2. In particular, {'I'„(t) : 
t G [0,T]} is in the closure of {4'(t) : t G [0,T]} and the partition {tn,j)j=i,...,N„+i obeys 

lim sup (5.51) 

Proposition 5.6 and Proposition 5.7 guarantee the existence of the adapted semi-martingale 
(/(T)(t) : t G [0,T]) in P obeying 


sup 

te[o.T] 


- nm) 


in probability. 


It remains to show that for each t G [0,r] the P-valued random variable 
An{t) := /(4'„)(t) - /(^„)(t): n ^ P, 

converges to 0 in probability for n oo. In order to show this, fix some t G (0, T) 
and denote by the element in {1,..., Nn} such that t G {tn,k„, An,fc„+i] and by ^n,k„ 
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the £ 2 (C^, h^)-valued random variable satisfying for all n G N. Thus, we 

obtain A„(t) = {L{t) — L{tn,k„ )) for all n G N. 

Choose a regular conditional distribution 

P„: B{V)xn^[0,l], P„(P,w) = P(A„ GP|Pt„,,JM. 

As in the proof of Proposition 5.5 it follows that {P„ : n G N} is tight. By taking 
expectation we obtain that {A„(t) : n G N} is tight. 

Furthermore, Lemma 4.3 implies for every /3 G IR and v € V that 

P[exp(i/3{A„(t),v))|P„,fc„ ] = exp ((t - P-a.s., (5.52) 

where S: U ^ <D denotes the cylindrical Levy symbol of L. The set {<f>* {uj)v : n G N} 
is uniformly bounded as ^n,k„ (w) is in the closure of {4'(t)(a;) : t G [0, T]} for every w G O 
and the closure of the latter is compact by Proposition 1.1 in [9]. As S' maps bounded 
sets to bounded sets by Lemma 3.2 in [24], we conclude from (5.51) and (5.52) that 

lim E\exp{i(3{An{t),v))\Tn k^] =0 P-a.s. for every/3 G R. (5.53) 

Taking expectation yields (A„(t), u) —^ 0 in probability forn ^ oo for all v GV. Together 
with tightness of {A„(t) : n G N} it follows from Lemma 2.4 in [11] that A„(t) —> 0 for 
n —>■ oo in probability, which yields 

lim P( ||/(4'„)(t) — J('I')(t)][ ^ e) = 0 for every £ > 0. (5.54) 

n—^oc ' ' 

It remains to show that (5.54) holds true for each sequence ('!'(, )„eN in no{U,V) 
converging to 4* in probability in the Skorokhod metric dj; that is we have to establish 
for every t G [0,T] that: 

lim P( ||/('I'(j)(t) — /(4')(t)|| ^ e) = 0 for every £ > 0. (5.55) 

For this purpose define for each t G [0,r] and n G N the P-valued random variable 

AUt) := 

where ('I'„)„g]N denotes the sequence from above. Because of (5.54), we can establish 
(5.55) by showing 

lim P(||A(j(t)|| ^ £) = 0 for all £ > 0. (5.56) 

n— 

In order to establish (5.56), it is according to Lemma 2.4 in [11] sufficient to show: 

(i) {/(4'„)(t) - /(4'(j)(t) : n G N} is tight in V; (5.57) 

(ii) for every v G V we have : 

lim (/(4'„)(t) — 7(4'')(t))(u) = 0 in probability. (5.58) 

By merging the partitions where 4'„ and 4']^ are defined we obtain for every n G N the 
representation 

^n(t) - 4'(,(t) = 4-„,o l{ 0 }(i) l(t„ ^.,t„ ^.+,](t) for all t G [0,r], 

1=1 

where 0 = < • • • < = T is a finite sequence of deterministic times and 

4>„ j : n 7^2 (C7, V) is an ^.-measurable random variable for each j = 0,, 7V„. For 
a fixed t G (0, T] we can assume that for every n G N there exists kn G {2,..., -|- 1} 

such that t = tn,kn- Now we can prove (5.57) and (5.58) as (5.40) and (5.41) in the proof 
of Proposition 5.6. □ 
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